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ABSTRACT

In this paper we achieve a fixed point theorem for D*-metric set-valued restricted-quasi-contraction mappings in a
D*-metric space. The result was obtained analogously by the method followed by Aydi [1] and extends the set-valued fixed

point theory from b-metric spaces to D*-metric spaces.
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1. INTRODUCTION AND PRELIMINARIES

The idea of the b-metric space as a generalization of the notion of an ordinary metric space was defined in 1998
by Czerwik, his motivation for this new concept was an observation that some mathematical problems lead to a different

kind of triangle inequality in which the ordinary triangle inequality does not hold see Example 1.1 and [2].

The D-metric space was introduced by B. C. Dhage [3] as an attempt to obtain equivalent metric space results in a
more general setting. The geometric representation of the D-metric space can be thought of as the perimeter of a triangle in

R? with vertices x, y and z.

Unfortunately, many authors such as Mustafa, Sims and Naidu have found flaws with the topological properties of
the D-metric space see [4, 5], which lead Sedghi [6] to provide a modification of the D-metric space known as the

D*-metric space.

Definition 1.1 [2] LetX be a non-empty set and s > 1 be a given real number. A function d: X x X — R, is called

a b-metric if for all x, y, z € X the following conditions are satisfied,
o d(x,y)=0
o d(x,y)=0ifandonlyifx =1y
e d(x,y)=dy,x)
o d(x,y) <s(d(x,z) +d(zy)).
The pair (X, d)is called a b-metric space.

It is clear that the (usual) d-metric space is a b-metric space, however the converse is not true. The following
example shows that a b-metric on X need not be a metric on X.

Example 1.1: Let X = {x1,x5,x3}, d(xq,x3) =k = 2,d(x1, %) = d(xy,x3) = 1, d(xi,xj) = d(xj,xl-) for
i,j=123,i#jandd(x;,x;) = 0fori=1,2,3.
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k .

Then, d(xl-,xj) < 7 [d(xl-,xm) + d(xm,x]-)]for m,i,j =1,2,3.
Clearly (X, d) is a b-metric space. However for k > 2(sayk = 3)
Id(xl,X3) = 3, d(xl,xZ) = 1, d(xZ,X3) = 1

This implies, d(xy, x3) £ d(xq,x,) + d(x3, x3). Hence the ordinary triangle inequality does not hold. Therefore
(X, d) is not a metric space.

Definition 1.2 [3] LetX be a non-empty set and let D: X X X X X — [0, ) be a function satisfying the following
conditions, forall a,x,y,z € X

e D(xy,z)=20
e D(x,y,z)y=0ifandonlyifx =y =z
* D(x,y,2)=D(x,2,y) =D(y,x,z2) =D(y,z,x) = D(z,x,y) = D(z,y,x)
e D(x,y,z) <D(x,y,a) + D(x,a,z) + D(a,y, z).
Then D is called a D-metric on X and the pair (X, D) is called D-metric space.
In addition, if D(x,x,y) = D(x,y,y) forall x,y € X then D is called a symmetric D-metric.

It should be noted that the usual d-metric is often called the distance function while the D-metric is called the
diameter function.

Definition 1.3 [6] LetX be a non-empty set and let D*: X X X X X — [0, «) be a function satisfying the following
conditions, forall a,x,y,z € X

e D*'(x,y,2)=0
e D'(x,y,z)=0ifandonlyifx =y =z
e D'(x,y,2)=D"(x,2,y) =D"(y,x,2) =D"(y,2,x) = D"(2,x,y) = D*(2,y,%)
o D*(x,y,z) <D*(x,y,a) + D*(a,z 2).
Then D* is called a D*-metric on X and the pair (X, D*) is called D*-metric space.
Remark 1.1 [6]Let(X, D*) be a D*-metric space.
e ThenD*(x,y,y) = D*(x,x,y) forall x,y € X.
e From (a) we can write condition (iv) of Definition 1.3 as
D*(x,y,z) <aD*(x,a,a) +aD*(a,y,2z)forall x,y,z,a € X

Definition 1.4 [6]A sequence {x,} in a D*-metric space is said to be convergent or D*-convergent to x € X if for

every € > 0, there exist ny = ny(€) € N, such thatD*(x,,, x,,, x) < € foralln > ny. That is,
D*(x,, X,,x) — 0 asn — oo,or simply lim,,_,, x,, = x.

It is also noted that D*(x,,, x,, x) = D*(x, x, x,,)for all n > n,,.
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Definition 1.5 [6] A sequence {x,} in a D*-metric space is said to be a D*-cauchy sequence if for every € > 0,
there exist ny = ny(€) € N, such thatD*(x,, x,,, x,,) < € forallm,n > n,.
The space (X, D) is said to be complete if every D*-Cauchy sequence in X is convergent in X.

Definition 1.6 Let (X,d) be a metric space. The family of all non-empty closed and bounded subsets of X is
denoted by CB(X).

The following definition is identical to the definition given by Ashraf [7]

Definition 1.7 Let (X,d) be a metric space, (X,D) be a D-metric space and CBj(X) be the family of all

non-empty closed and bounded subsets of X in a D-metric space.

e The distance between any point x € X and any two non-empty subsets A, B € CBp (X) is denoted by D(x, A, B)
and is defined by,

D(x,A,B) =d(x,A) +d(x,B) + d(A,B)
Where,
d(x,A) = inffd(x,y): vy € A},d(x, B) = inffid(x,y):y € Bland d(4, B) = inf{d(a,b):a € A,b € B}.

o LetA,B,C € CBp(X). The Hausdorff D-metric or Hausdorff D-metric distance is denoted by Dy (4, B,C) and is
defined by,

Dy (A, B, C) = max{sup,c,D(x, B, C),sup,cpD(x,C,A), sup,ecD(x, A, B)}.

Informally, if (X, D) is a D-metric space, the D-metric Hausdorff distance is the greatest of all distances from a

point in one set to the closest points in the other two sets plus the distance between those two sets.

Definition 1.8 [8]Let(X,d) be a metric space. The set-valued map T: X — CB(X) is said to be a g-set-valued
quasi-contraction if,

dy(Tx, Ty) < q.max{d(x,y),d(x,Tx),d(y,Ty),d(x,Ty),d(y, Tx)}, forany x,y € X where 0 < g < 1 and dy
denotes the Hausdorff metric on CB(X) induced by d. That is,

dy(4,B) = max{supxeAd(x, B),supyEBd(y,A)}for all A,B € CB(X).
The following is a fixed point theorem for set-valued quasi-contraction maps in b-metric spaces.

Theorem 1.1 [1]Let(X,d) be a complete b-metric space. Suppose that T is a g-set-valued quasi-contraction.

Assume that < 521? , then T has a fixed point in X, that is there exist u € X such that u = Tu (u € Tu).

Our main result extends Theorem 1.1 to D*-metric spaces.
MAIN RESULTS

Before we get into the specifics of the main result, the following definitions are required. It shows the natural

extension of Definition 1.6 and Definition 1.7 as it applies to the D*-metric space.

Definition 2.1 Let (X, D*) be a D*-metric space. The family of all non-empty closed and bounded subsets of X is
denoted by CBp+(X).
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Definition 2.2 Let (X,d) be a metric space, (X,D*) be a D*-metric space and CBp+(X) be the family of all
non-empty closed and bounded subsets of X in a D*-metric space.

e The distance between any point x € X and any two non-empty subsets A4, B € CBp+(X) is denoted by D*(x, A, B)
and is defined by,

D*(x,A,B) = d(x,A) + d(x,B) + d(A4,B)
Where,d(x,A) = infifd(x, y):y € A}, d(x, B) = inffid(x,y):y € B} and d(4, B) = inf{d(a,b):a € A,b € B}.

e LetA,B,C € CBp+(X). The Hausdorff D*-metric or Hausdorff D*-metric distance is denoted by D*; (4, B, C) and
is defined by,

D*y (A, B, C) = max{sup,c,D*(x, B, C), sup,cpD*(x,C, A), sup,ecD*(x, A, B)}.

Informally, if (X, D) is a D*-metric space, the D*-metric Hausdorff distance is the greatest of all distances from a

point in one set to the closest points in the other two sets plus the distance between those two sets.
The following lemma is an immediate consequence of above Definition 2.2.

Lemma 2.1 Let (X, D*) be a D*-metric space. Let 4, B, C € CBp+(X), then for every a > 0 and every a € A, there
existand b € B and c € C such that

D*(a,b,c) < D*y(A,B,C) + a.

Definition 2.3 Let (X,D*) be a D*-metric space. The set-valued map T: X — CBp+(X) is said to be a D*-metric

q-set-valued restricted-quasi-contraction if for any x,y,z € X
D*y(Tx, Ty, Tz) < q.max{D*(x,y,z),D*(y,Tx,Tx),D*(z,Tx,Tx),D*(y,Ty,Tz),D*(z,Ty, Tz)}

Where 0<g<1 and D*y denotes the Hausdorff metric on CBp:(X) induced byD*, that is, for all
A,B,C € CBp+(X),

D*, (A, B, C) = maxifsup,c4D*(x, B, C), sup,epD*(x, C, A), sup,ecD*(x, A, B)}

Lemma 2.2 Let (X,D*) be a D*-metric space and A € CBy+(X) and x € X. Then D*(x,A,A) = 0 if and only if
x€A=A.

Proof: SupposeD*(x, A, A) = 0. This implies, d(x,A) + d(x,A) + d(4,A) =0

Therefore, d(x,A) = 0. That is, inf{d(x,y): y € A} = 0. Hence there exist y € A such that d(x,y) = 0, and
since d(x,y) = 0, we have that x = y. Now y € A, impliesx = y € A. Thatis x € A.

Also A is closed since A € CBy+(X), which implies that A = A.Hence, x € 4 = A.

Conversely suppose x € A = A, then x € A. This implies, d(x, A) = 0.

Therefore, d(x, A) + d(x,A) + d(4,A) = 0. Hence, D*(x,A,A) = 0.

Lemma 2.3 Let (X, D*) be a D*-metric space and {x, } be a sequence in X such that

D™ (X 415 X2 Xna2) < KD* (%, Xy g1, Xn41) forn = 1,2, ... where 0 < k < 1.
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Then the sequence {x,, } is a Cauchy sequence in X.

Proof: First note that,

D" (xp 41, Xn 42, Xn12) < kD™ (Xn, Xn 41, X 11)

< kZD*(xy_q, Xy, Xp) < - < k™D*(x9, X1, X1)

Using Definition 1.3 and remark 1.1, form > n,

D™y, Xy X)) < D (xp, Xy 11, Xpg1) + D™ Opgr, X, X))

< k™ 1D* (%o, X1, X1) + D* (X1, Xn 425 Xn42) + D (X2 Xy X))

< k" 1D*(xg, x1,%1) + k™"D*(xg, %1, %1) + D* (X 42, Xn 43 Xn43) +D* (X112, Xn) X))
< (K" 7P 4 kM kM 4D (xg, X, 1)
= %D*(xo,xl,xl)) — Qasn — oo,

This implies that {{x,,}} is a Cauchy sequence.

The following is our main result, it is a fixed point theorem for D*-metric set-valued restricted-quasi-contraction
maps in a D*-metric space.

Theorem 2.1 Let (X,D*) be a complete D*-metric space and T:X — CBp:(X)be a D*-metric q-set-valued

1

restricted-quasi-contraction. If g < =
sc+s

where s > 1 then T has a fixed point in X. That is there exist u € X such

thatu € Tu.
Proof: Since T is a D*-metric g-set valued restricted-quasi-contraction, we have for any x,y, z € X,

D*y(Tx, Ty, Tz) < q.max{D*(x,y,z),D*(y,Tx,Tx),D*(z,Tx,Tx),D*(y,Ty,Tz),D*(z, Ty, Tz)}

Now, max{D*(x,y,z),D*(y,Tx,Tx),D*(z,Tx,Tx),D*(y,Ty,Tz),D*(z,Ty,Tz)} = 0 if and only if
x =y = zis afixed point of T.

We therefore assume,

max{D*(x,y,z),D*(y,Tx,Tx),D*(z,Tx,Tx),D*(y,Ty,Tz),D*(z,Ty,Tz)} > Of orall x,y,z € X.

1

Take a' = E(szl—s - q) andf=q+a = %(szl_s + q).

Since we assumed that g < ﬁ ,wehavea >0and0 < f < 1.
Let xo € X and x; € Tx,, By Lemma 2.1, there exist x, € Tx; and x3 € Tx, such that,
D*(x1,x3,x3) < D"y (Txg, Tx1,Tx2) + «

Also by Lemma 21, D*(xl,xz,xz) < D*H(TxO,Txl,Txl) + C(1Where a; > 0.
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D*(XO,xl,xl),D*(xl,TXO,TXO),D*(xl,TxO,TxO),

D*(xy, Tx1, Txy), D*(x1, Ty, Txy) } we have,

Fora; = a'max{
D*(XO, xl,xl),D*(xl,T.X'O,Txo),D*(xl, TXO,TXO),}

* < D* !
D*(x1,%2,%2) < D*y(Txo, Tx1,Tx1) + max{ D*(xy, 1, Txy), D" oy, Ty, Txy)

D*(Xo,xl,xl),D*(xl,TxO,TXO),D*(xl,TxO,TxO),}

<gq.
=4 max{ D*(xlthll Txl); D*(xllTxlﬁTxl)

D*(xo,xl,xl), D*(xl,TxO,TxO),D*(xl,TxO,TxO),}

a .ma.X{ D*(xl,Txl,Txl),D*(xl,Txl,Txl)

{D*(xo,xl,xl),D*(xl,TxO,TxO),D*(xl,TxO,TxO),}

= f.max . .

D (Xl, Txl, Txl), D (xl, Txl, Txl)

Thus by induction, there exist a sequence {x,, } in X such that x,,,; € Tx, and foralln € N,,

, D*(xn—l'xn'xn)'D*(xn'Txn—l'Txn—l)'
D*(xnlxn+1lxn+l) < D*H(Txn—li Txn; Txn) + a max D*(Xn, Txn—l: Txn—l); D*(xn; Txn: Txn)
D*(x,, Tx,, Txy)

D*(xn—li Xn, xn); D*(xn' Txn—lf Txn—l);
< B.max<D*(xp, Txp_1,Txpn_1), D" (xp, Txp, Txy)
D*(x,, Tx,, Txy,)

LetD,; = D*(x,, X 41, Xn+1), We then have
D*(xn—ltxn'xn)tD*(xn'Txn—lthn—l)t
D; < B.max{D*(x,,Tx,_1,Tx,_1), D" (x,, Txp,, Txy,) (2.1)
D*(x,, Tx,, Tx,)

Case I: If x,, = x,,.1 then x,, = x,,,1 € Tx, is a fixed point of T and the proof will be complete.

Case II: If x,, # x,,,1. Then,

D*(xn—lJ Xn xn)' D*(xn' Txn—l' Txn—l)' D*(xn—l'xn'xn)' D*(xnrxnrxn)l
max < D*(x,, Txy_1,Txp—1), D" (X, Txy, Txy) ¢ < max<{ D*(x,, Txp, Tx,), D* (X, Xpg1, Xns1)
D*(xanxn'Txn) D*(xntxn+1:xn+1)

= max{D"(xp_1,%n, %), D" (Xn, X 41, Xn11)}-
= max{D,_1, D, }.

If max{D,_1,D,} = D;; , then Equation 2.1 becomes D,; < BD,; which contradicts the fact that 0 < § < 1. We

*

therefore conclude that max{D;,_1, D} # D,; which implies,
max{Dy_1,Dp} = Dy 4
Hence Equation 2.1 becomes,
Dy < BD;_y 2.2)
This implies that the conditions of Lemma 2.3 are satisfied, hence {x,,} is a Cauchy sequence.

Now since X is complete, there exist u € X such that x,, — u asn — oo, that is,
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lim,_,, x, =0

We now proceed to show that u is a fixed point of T, that is u € Tu.
Now by Definition 1.3 we have,

D*(Tu,Tu,u) < D*(Tu, Tu, x,41) + D* (X 41, u, u)

D*(u,u,x,),D*(u, Tu, Tu),
< D*y(Tu, Tu,Tx,) + a .max{ D*(x,, Tu, Tw), D*(u, Tu, Tx,) t + D*(Xpsq, U, )
D*(x,, Tu, Tx,)

D*(u,u,x,),D*(u, Tu, Tu), D*(u,u,x,),D*(u, Tu, Tw),
< g.max{ D*(x,, Tu, Tw), D*(u, Tu, Tx,) ¢ + a .max{D*(x,, Tu, Tu), D*(u, Tu, Tx,)
D*(x,,Tu,Tx,) D*(x,,Tu,Tx,)

+ D*(xpy,u, )
Letting n — oo we Qet,

D*(Tu, Tu,u) < q.D*(u, Tu, Tu) + a D*(u, Tu, Tu) = (q + @ )D*(u, Tu, Tw) = B.D*(u, Tu, Tu)That

is,
D*(u,Tu,Tu) < B.D*(u, Tu, Tu) (2.3)
Nowsince 0 < 8 < 1, The only way Equation 2.3 holds is ifD* (u, Tu, Tu) = 0.
By lemma 2.2 we get u € Tu = Tu, thatisu € Tu.
This completes the proof.
[
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